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We present a preliminary study of dimensional crossover in Ising systems at complex temperatures, con-
centrating on three types of system: the infinite isotropic 2D Ising model; the infinite anisotropic 2D Ising
model; and Ising ladders with a finite number of legs. We present a conjectured phase diagram for the infinite
anisotropic 2D Ising model, and provide supporting evidence from both tensor network calculations and numeri-
cal evaluations based on the exact solution of the model. We also discuss the physics of the special unitary points
that exists in the complex-temperature plane, and discuss their potential implications for quantum information
processing.
I. INTRODUCTION
The crucial importance of dimensionality for the equi-
librium properties of many-particle systems, especially the
stability or otherwise of long-range-ordered phases, has
been known now for several decades. The Mermin-Wagner
theorem1 established that the spontaneous breaking of a con-
tinuous symmetry can in general not occur at all in d = 1, and
can occur only at T = 0 in d = 2. The ‘Landau argument’2
further demonstrated that the spontaneous breaking of a dis-
crete symmetry can occur only at T = 0 in d = 1, while in
d > 2 finite-temperature transitions to long-range order are
permitted.
A further important discovery was made by Berezinskii3
and by Kosterlitz and Thouless4, who showed that systems
with O(2) symmetry in d = 2 constitute an important special
case: while, as per the Mermin-Wagner theorem, they cannot
exhibit spontaneous symmetry breaking at T > 0, they can
however show ‘topological order’ — which results in power-
law decay of correlations between the spins — in a tempera-
ture range 0 < T < TBKT.
In view of these facts, it is natural to ask how the long-range
order emerges as the system in question interpolates between
(for example) d = 1 and d = 2, and there is by now a consid-
erable literature addressing this question for various classes
of system. Such interpolation can be achieved in many ways,
including coupling d = 1 chains into finite-width ladders5, or
continuously tuning the ratio between the horizontal and verti-
cal couplings in a d = 2 lattice system from 0 to 16. While the
end-points of these approaches match by construction, there is
considerable evidence that the physics in between these end-
points is both subtle and dependent on the particular interpo-
lation scheme used.
Over the past few decades, considerable light has been shed
on several open problems in statistical mechanics by the com-
plex temperature technique, pioneered by Michael Fisher and
others7. In this approach, one considers the inverse temper-
ature β in the partition function Z(β) =
∑
C exp (−βEC)
formally to be a complex variable. This opens up the possibil-
ity of points in the complex β-plane where the partition func-
FIG. 1: Phase diagram of the anisotropic 2D Ising model at
complex temperature in the thermodynamic limit. Blue
points represent the locations of phase transitions as
determined from numerical calculations of the type presented
in Fig. 6; gray lines are hand-drawn guides to the eye. As
well as the ferromagnetic ‘bubble’ around the
zero-temperature point and the disordered regions near the
origin and at large |tanhβ|, there are two additional phases:
“NFM1” and “NFM2”. We believe that these phases exhibit
long-range spatially modulated spin-spin correlations.
tion vanishes, something which is not possible for real tem-
perature. For simple models, such as the isotropic 2D Ising
model, these ‘Fisher zeros’ organise themselves into contours
in the complex β-plane, which cut the real β-axis at the tem-
perature(s) corresponding to phase transitions. If the density
of zeros vanishes as the real β-axis is approached, the transi-
tion is continuous; if the density remains finite, the transition
is first-order.
The complex temperature technique, and related techniques
such as the complex magnetic field technique due to Lee and
Yang8, permit much more than the simple identification of the
location and order of phase transitions. For example, they pro-
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2vide an elegant method for deriving the various scaling rela-
tions that hold in the vicinity of continuous phase transitions,
as well as allowing the derivation of analogous and previously
unknown relations for the logarithmic corrections to scaling9.
Despite these successes, however, the complex temperature
technique has mainly continued to be seen as an essentially
formal one.
In this paper, we explore an alternative view: that the con-
tours of Fisher zeros should be viewed as bona fide phase tran-
sitions, and the regions between them as bona fide phases. In
particular, we present evidence that some of the models that
interpolate between the d = 1 Ising chain and the d = 2
square-lattice Ising model have modulated magnetic phases,
which we refer to as ”non-ferromagnets” (NFM) in their com-
plex temperature phase diagrams, in addition to the ferromag-
netic and short-range-ordered phases that would be expected
from a real-temperature analysis, as shown if Fig. 1.
Furthermore, we show that for all of the models we consider
there are special ‘unitary points’ in the complex-temperature
phase diagram. At these points, the transfer matrix of the sta-
tistical mechanical model becomes unitary, and thus may be
interpreted directly as representing the dynamics of an iso-
lated quantum system. This complements other intriguing
suggestions in the recent literature of links between quantum
dynamics and complex-temperature thermodynamics10.
The remainder of this paper is structured as follows. In sec-
tion II we discuss what is already known about the complex-
temperature phase diagrams of one model of dimensional
crossover from the Ising chain to the square-lattice Ising
model: 1D Ising ladders with a finite number of legs. In sec-
tion III, we turn to the anisotropic Ising model in the thermo-
dynamic limit, and argue that it exhibits phases that are long-
range-ordered but not ferromagnetic. Evidence of the exis-
tence of such modulated magnetic phases is provided, based
on M −H and specific heat curves taken at particular points
and internal energies measured along particular line-cuts in
the complex temperature plane. In section IV, we point out
the unitary points in the phase diagrams of both the ladder
and anisotropic 2D models, discussing both their interpreta-
tion and their potential implications for control strategies in
quantum information processing.
Three additional comments on notation and methodology
are in order:
(i) when referring to ‘complex temperature’ we typically
have in mind the complex plane of hyperbolic tangent of in-
verse temperature — this variable is ‘natural’ in a couple of
ways, both in one-dimensional11 and two-dimensional12 prob-
lems, with the exception of the isotropic 2D model, where the
‘most natural’ variable13 is hyperbolic sine of twice the in-
verse temperature;
(ii) we only examine the real part of the dimensionless
free energy density Re(βf) ≡ Re(logZ)/A (A-is the total
number of spins)14, from here we define a sequence of prox-
ies to the analytic continuations of familiar thermodynamic
functions (free and internal energy densities, specific heat):
f ≡ Re(βf)/β, u ≡ |∂f/∂β|, C = |∂u/∂β|.
(iii) three complementary exact and approximate methods
were deployed to obtain results and insights presented be-
FIG. 2: (Reproduced from F. Beichert et al.11.) The contours
containing the zeros of the partition function in the complex
temperature plane for Ising spin ladders with 4 legs and
isotropic spin-spin interactions (Jx = Jy). Dashed lines
represent the expected location of Fisher zeros of the
isotropic 2D Ising model12. The total number of contours is
equal to the number of legs; their location was found to be
only weakly sensitive to boundary conditions in the short
(rung) direction and insensitive to the boundary conditions in
the long (infinite) direction.
low – numerically exact transfer matrix diagonalization to ob-
tain free energy and correlations in ladders (arbitrary uniform
field), analytic continuation of (partially15) exact Onsager re-
sult and Tensor Renormalization Group calculations (arbitrary
uniform field) of the real part of the free energy density.
II. ISING LADDERS
To begin investigating correlations in the isotropic 2D Ising
model at complex temperature, it is natural to begin with the
1D Ising chain, which is the 1D limit of both the finite-width
ladder and anisotropic 2D approximants to the isotropic 2D
Ising model. As pointed out by Beichert et al.11, the N -site
Ising chain has N partition function zeros on the unit circle in
the complex temperature plane; however, these are interleaved
with N points at which the spin-spin correlations in the chain
exhibit long-range magnetic order with a finite wavenumber
q = arg (tanhβJ). This sequence includes a ferromagnetic
(q = 0) point at zero temperature for positive J , and a Ne´el-
ordered point (q = pi) at zero temperature for negative J , but
also has anotherN−2 points that cover all other wavenumbers
consistent with the periodic boundary conditions.
The question, then, is what happens to (a) the partition
function zeros, and (b) the long-range-ordered points as we
move towards the isotropic 2D model. One way to inves-
tigate this is to couple several Ising chains to form ladders,
with M legs with N spins per leg. This splits the original
positive-J contour into M contours11, which all touch at the
two zero-temperature points, but also at two special points on
the imaginary-temperature axis. We shall have more to say
3FIG. 3: The top-right quadrant of the complex-temperature
plane of Fig. 3. The system under study is an M -leg Ising
spin ladder with isotropic interactions, i.e. Jx = Jy . The
black shaded regions indicate those values of complex
temperature for which a correlation length (in the ‘long’
direction, i.e. along the legs of the ladder) exceeds 10 lattice
sites. Left column: longest correlation length; right column:
third-longest. Top row: 2-leg ladder; bottom row: 5-leg
ladder. Note that, except near the unitary point tanhβ = i,
only the longest correlation length shows significant
structure.
about these points in section IV.
For any one-dimensional Ising system, the only place where
long-range order can occur is on the same contours where
the partition function zeros are located. This is because the
condition for the two is the same, viz. that the largest two
eigenvalues of the transfer matrix become equimodular. How-
ever, one can ask what happens to the spin-spin correlation
length in the regions between the contours. The answer is
that, between the M contours that are ‘coalescing’ into the
ordered region in the 2D Ising model, the correlation length
stays very high. This suggests that, in the M → ∞ limit,
the two leading transfer-matrix eigenvalues become equimod-
ular in a finite-area region, and furthermore their phases lock,
removing the partition function zeros and leaving a finite area
of the complex-temperature plane in which the model exhibits
long-range order. This region is just the area between the two
‘Fisher circles’ shown in Fig. 3.
This approach to the isotropic 2D Ising model, while in-
teresting, has the disadvantage that none of the models in the
sequence can show true long-range order except at one of the
end-points. We therefore take the alternative approach, in-
spired by the work of van Saarloos and Kurtze13, of studying
instead the anisotropic 2D Ising model. Here the lattice is
FIG. 4: The same as Fig. 3, but for the case of anisotropic
interactions, Jy = Jx/10. Note that, in a region roughly
corresponding to the “NFM2” region of Fig. 1, the
third-longest correlation length also shows non-trivial
structure.
square and infinite, but the horizontal bonds have a strength,
Kx, which is different from that of the vertical bonds, Ky .
The limit Ky/Kx → 0 corresponds to the 1D Ising chain;
the limit Ky/Kx → 1 corresponds to the isotropic 2D Ising
model.
In the remainder of this paper, we will describe the meth-
ods we use to determine the thermodynamic properties of this
model and the results that we obtain. However, for orienta-
tion, we present at this stage the conjectured phase diagram
that emerges from the results presented in the following sec-
tion — see Fig. 1.
III. EVIDENCE FOR MODULATED MAGNETIC PHASES
To obtain further insight into the nature of phases and phase
transitions shown in Fig. 1 we now turn to finite (real, uni-
form) field, h, studies. In particular, we arrived at labelling of
the phase diagram by considering whether any given phase ex-
hibits finite magnetization in the h→ 0 limit. It is clear from
Fig. 5 that model’s anisotropy is responsible for the opening
of NFM phases, as was already suggested by spectral analy-
sis of ladders’ transfer matrices. It is interesting to note that
the magnetization appears to jump discontinuously, as for the
isotropic model (see Figs. 5 and 7), while the internal en-
ergy only changes continuously (unlike that of the isotropic
model). In line with usual thermodynamic expectations, first
order transitions are accompanied by adjacent metamagnetic
4FIG. 5: The spontaneous magnetization along the unit circle
in the complex tanhβ plane for different values of
anisotropy. The jump corresponds to the transition from the
ferromagnetic bubble into the NFM2 phase (see Fig. 1). The
spontaneous magnetization is determined numerically from
the h→ 0+ limit of the magnetization in a uniform applied
magnetic field h.
FIG. 6: Top left: The internal energy as a function of radial
distance along a cut at angle 2pi/9 from the positive real axis
in the complex tanhβ plane. The two transitions are those
into and out of the “NFM2” phase (see Fig. 1). Top right: The
specific heat capacity along the same contour (see text for the
precise definition of ‘specific heat capacity’ at complex
temperature). Bottom panels: The same specific heat graph,
but multiplied by the specified factor, demonstrating that the
two singularities are one-sided square-root singularities.
(finite-field) transitions in the immediate vicinity, which we
can also study using TRG — see Fig. 7. Note that the low
field regime is apparently diamagnetic. This appears to be
a non-universal peculiarity, e.g. in some cases we observed
metamagnetic jumps on top of a more conventional paramag-
netic response, including in analytically solvable cases where
the transition from para- to dia-magnetic response is clearly
seen in the normal phase and is unaccompanied by anything
of consequence.
FIG. 7: Magnetization curves as a function of applied
uniform magnetic field at various points near the unit circle
in the complex sinh 2β plane, where the
paramagnet-to-ferromagnet transition takes place in the
isotropic 2D Ising model. Upper panel: ferromagnetic
response in the first quadrant, with sinh 2β = 1.1 and inset
showing the argument. Lower panel: metamagnetic response
in the first quadrant, with sinh 2β = 0.9 and inset showing
the argument.
What are the NFM phases? They appear clearly separated
by critical surfaces from the ”normal” phases (see Fig. 6) and
the ferromagnetic bubble (Fig. 5). The do not possess any uni-
form magnetization, instead inheriting significant modulated
spin correlations as implied by transfer matrix results (likely
stable against weak interchain coupling). Preliminary results
(not shown here) appear to support these statements.
IV. UNITARY POINTS
The underlying spirit, also the early motivation, for this
study was the exploration of dynamics that is of quantum
nature yet lacks full unitarity, e.g. similar to open quantum
systems. It seemed natural then to start in m-leg ladders and
think of the infinite direction as the clock direction (ordinar-
5ily, ”time” in the familiar continuum path integral formula-
tion). Then m = 1 problem is already a simple example of
a spin precession (with frequency ArgTanh β) and decay
(controlled by the distance to the unit circle). For m > 1
the situation is less coherent, with most of the 2m possible
correlations decaying, except for ones corresponding to few
dominant eigenvalues. Remarkably, the complex temperature
plane posesses points where full unitarity of the transfer ma-
trix is restored – this may be checked explicitly for all m-leg
ladders (for arbitrary anisotropy) and also tensor network rep-
resentations of extended 2D problems16.
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